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Conformal blocks as Dotsenko-Fateev Integral 

Discriminants 

A.Mironov* A.Morozov^ and Sh.Shakirov* 

Abstract 

As anticipated in [1], elaborated in [2, 3, 4], and explicitly formulated in [5], the Dotsenko-Fateev integral 
discriminant coincides with conformal blocks, thus providing an elegant approach to the AGT conjecture, 
without any reference to an auxiliary subject of Nekrasov functions. Internal dimensions of conformal 
blocks in this identification are associated with the choice of contours: parameters of the DV phase of the 
corresponding matrix models. In this paper we provide further evidence in support of this identity for the 6- 
parametric family of the 4-point spherical conformal blocks, up to level 3 and for arbitrary values of external 
dimensions and central charges. We also extend this result to multi-point spherical functions and comment 
on a similar description of the 1-point function on a torus. 
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1 Introduction 

Non-Gaussian integrals are slowly attracting a growing attention, and start to play a role in modern theoretical 
studies. For quantum field theory they have an especially important property: non-Gaussian integrals are not 
fully defined by the action, they also depend on the discrete choice of integration contour, and this freedom itself 
depends on the shape (degree) of the action. Accordingly, the Ward identities, reflecting the freedom to change 
integration variables and describing the coupling constant (RG) dependence of the integral [6], in non-Gaussian 
case have several solutions, in one-to-one correspondence with the possible choice of integration contours. The 
closest subjects in pure mathematics are Picard-Fucks equations and emerging theory of motivic integration 
[7], and they are actively used, say, in Seiberg-Witten theory [8]-[ll] and closely related string models. Initial 
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steps in a more direct approach to the study of non-Gaussian integrals were recently described in [12], where 
emphasize is put on their similarity to the ordinary resultant theory. Following those papers we use the term 
integral discriminants for non-Gaussian integrals considered from this perspective. There is of course a parallel 
development in the field of matrix models, where above-mentioned ambiguity (contour dependence) could not 
remain unnoticed. There is a long chain of matrix model papers, devoted to this issue, which finally culminated 
in the theory of Dijkgraaf-Vafa phases [13] and check-operators [14]. 

A new boost to a variety of prominent research directions was recently given by the AGT conjecture [15]- 
[47],[l]-[5], which unified them all in a single entity and allowed to study the problems of one direction by means 
of the others. The present paper is devoted to a particular study of this type: representation of conformal 
blocks in terms of the matrix model integral discriminants with the Dotscnko-Fateev action (also known as 
conformal matrix models [48, 6] and /3-ensembles [49]), which was suggested in [15, 27, 1], further investigated 
in [2, 3, 4] and finally put into a clear and explicit form in [5]. As emphasized in [27, 5] this also resolves 
the old puzzle in conformal field theory (CFT) [51]: how arbitrary conformal blocks are described in terms 
of the Dotsenko-Fateev free field correlators [52, 53]. The problem was that the number of free parameters 
in conformal block (dimensions of internal and external lines) exceeds the number of parameters in the free 
field conformal theory (there is no obvious room for internal-line dimensions and also the choice of external 
dimensions is constrained by the peculiar free field conservation law on — Q) . As we now know from [1] and 
[5] , the lacking parameters are exactly those of the DV phases, which parameterize the choice of contour of the 
eigenvalue integration in matrix integral, i.e. the choice of contours in the Dotsenko-Fateev screening operators, 
with conservation condition omitted. This was of course always expected in CFT, the change is that now one 
has a clear and unambiguous description of the phenomenon. In this paper we provide further evidence and 
further details about this description, by checking this new version of the AGT relation, between conformal 
blocks and Dotsenko-Fateev integral discriminants, at more levels and for more dimensions than in [5]. A proof 
of this relation, which contains no reference to the still mysterious Nekrasov functions (though some clarity 
seems to emerge here as well, see [34, 37, 5]), and should be, therefore, self-contained and straightforward, 
remains beyond the scope of the present paper. 

2 Conformal block as Dotsenko-Fateev integral [5] 

In conformal field theory, the simplest correlator with non-trivial coordinate dependence is the 4-point correlator 

Vaj {zi,Zi)Va 2 (z 2 , Z 2 )Va 3 (z 3 ,Z 3 )V Ai {zi, 24)^ 

where A, are the dimensions of 4 primary fields on a sphere. With SL(2) transformations z i-> ffzg with 
ad — be = 1, one can always put the four coordinates to 0,q, 1 and oo. Hence the correlator depends (up to a 
simple factor) on a single variable q = |^]~^j|^~^j . By usual CFT arguments, this 4-point correlator can be 
written as a sum over a single intermediate dimension A of a product of the holomorphic and anti-holomorphic 
conformal blocks: 

(v Al (0,0)V A2 (q,q)V A3 (l,l)V A4 (oo,oo))=J2 C(A 1 ,A 2 ,A)C(A,A 3 ,A 4 ) x ^(A 1; A 2 , A 3 , A 4 , A, c | q) (1) 

A 

with a shorthand notation 

J"(Ai, A 2 , A 3 , A 4 , A,c\q)= q A ~^-^ ^-A^A, B ( Al> a 2> a 3 , A 4 , A, c \ q) B(A U A 2 ,A 3 , A 4 , A, c | q) (2) 

In the r.h.s., C's are the 3-point functions (they do not depend on q and play the role of normalization constants 
needed to make B(0) = 1), c is the central charge and B(q) is the 4-point conformal block. Note that the bar 
here means not the complex conjugation, but the parameters of the anti-holomorphic conformal block, see [51] 
for more details. 

The function B(q) is now widely recognized as the simplest representative of a family of important special 
functions of string theory, which appear not only in 2d conformal field theory, but also in 4c? supersymmetric 
field theory, according to the AGT conjecture [15]. These special functions generalize in a clever way the 
hypergeometric functions [27], and should of course possess various complementary representations, the most 
important one being series and integral representations. The latter one constitutes the subject of our paper. 

Historically, a series representation for B(q) was found the first. It is obtained by the decomposition of 
correlators via iterating the operator product expansions. This procedure is extensively reviewed in the literature 
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Figure 1: Feynman-likc diagram for a 4-point conformal block. 



[18, 27, 44], and, in the 4-point case shown in Fig.l, it gives the following series expansion in powers of q 

s(A 1 ,A 2 ,A 3 ,A 4 ,A,c J q) = ^ lA 1 A 2 A(Y)Q A 1 (YXhAA 3 A i (y') (3) 

\Y\ = \Y'\ 

where the sum goes over the Young diagrams Y — (k\ > ki > . . .) and Y 1 = (k[ > k' 2 > . . .) of equal size 
\Y\ = ki + k 2 + ■ ■ ■ = k[ + k' 2 + ■ ■ ■ = \Y'\, parameterizing the Virasoro descendants in the intermediate channel. 
The relevant values of the Virasoro triple vertices (the structure constants of operator product expansion) are 
given by 



and 



7A, a 2 a 3 (Y) = Y[ (h Ai + A 3 - A 2 + h + . . . + ki-x) 

i 

Qa(Y, Y') = < A\L Y L_ Y ,\A > = 



(4) 



(5) 
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is the Shapovalov matrix of the Virasoro algebra. Both 7 and Q _1 are straightforwardly calculable, what makes 
(3) an explicit and useful series expansion. 

Less investigated is the second chapter of the reference book of special functions, that is, integral represen- 
tation of the conformal blocks. Such a representation was actually proposed by V.Dotsenko and V.Fateev [52] 
(see also [53]) in terms of the free field correlators 
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(6) 



integrated over a part of the variables Zi with some choice of contours Cj. Integrated can be only operators of 
unit dimensions, i.e. the corresponding a are fixed to particular values, called b or —1/6. Integrated operators 
are often called " screening charges" or simply " screenings" . Generically, the screenings of only one type (say, 6) 
are involved [48] , though in rational conformal models the both do essentially contribute [52] . The precise choice 
of integration contours remained a mystery for quite a long time, until the recent breakthrough [l]-[5], motivated 
by the AGT conjecture [15]. Following [5], we make a very simple choice of contours for the Dotscnko-Fateev 
partition function 
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Figure 2: Feynman-like diagram for a 4-point conformal block. Here A = a (a + i — fe) and Aj = ctj (dtj + ^ — 6) arc the single 
internal and four external dimensions, respectively. The role of the screenings is to modify the free field selection rule at the vertices: 
instead of a = &i + ct2 and 04 = a + 03 one has a = &i + a.2 + bNi and 0:4 = 6 — 1/6 — cei — 0.2 — &s — b{N\ + N2) = a + 03 + WV2. 



where f3 = b 2 and ai = 26Si. Our main statement, which we check in detail, is that the Dotsenko-Fateev 
integral with this simple choice of integration contours precisely reproduces the 4-point conformal 
block: 



Z DF (a 1 ,a 2 ,a 3 ,N 1 ,N 2 ,l3 | g) = Cdf ■ g A ~ Al ~ A2 . £?^Ai, A2, A3, A4, A, c | g) 



(8) 



where Cdf is the Dotsenko-Fateev normalization constant, which does not depend on q (but depends on all the 
other parameters). 

The aim of present paper is to study relation (8) more thoroughly and find an explicit correspondence between 
the six parameters of the conformal block Ai, A 2 , A3, A 4 , A, c, and the six parameters of the Dotsenko-Fateev 
integral a\, a 2 , a 3 , N\, N 2 , (3. Our result in the 4-point sector is 

_a 1 (a 1 + 2-2/3) _ a 2 (a 2 + 2 - 2/3) a 3 (a 3 + 2 - 2/3) 

. _ (2/3(/Vi + N 2 ) + ai + ct 2 + a 3 )(2/3(A^i + JV 2 ) + <*i + <* 2 + a 3 + 2 - 2/3) 



4/3 



(2/3JVi + ai + a 2 )(2/3N 1 + Qi + ct 2 + 2 - 2/3) 
4/3 



(9) 



=1-6 



or in terms of the free field variables 



Ai = Si ( a\ + - — b 



S 2 ( S 2 + - - 6 



a 3 ( S3 + - - b 



A 4 = (H^i + N z) + "i + a 2 + S 3 ) ^b(Ni + N 2 ) + Si + S 2 + S 3 + ^ 
A = (Wi + Si + S 2 ) (bNi 



h + <5i + & 2 + - - b 



(10) 



1-66 



Clearly the rules are simple, see Fig. 2: 

1) Insertion of N\ screening integrals is needed to satisfy the free field conservation law for 
the first (left) vertex, a = S x + S 2 + bNi so that the internal dimension A = a (a + | — b) becomes 
unrelated to the free field value Af ree = (Si +S 2 )((Si +S 2 + j — b). Integrals in these N\ screenings 
are around positions of Vai(0) and V\. 2 {q). 

2) Insertion of N 2 screening integrals is needed to satisfy the free field conservation law for 
the second (right) vertex, S 4 = a + a 3 + bN 2 . 
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3) Alternatively, these additional N 2 screening integrals are needed to satisfy the free field 
conservation law 



Y j a i + b{N 1 +N 2 ) = {g-l) (\~b\ 

1=1 ^ ' 



(11) 



(g is the genus, g = for the sphere), by putting <S 4 = —Si — a 2 — &3 — b(N\ + N 2 ) — \ + b. 

Note that, in the free field formalism, there are two different a-parameters associated with a given dimension: 
A [a] — A[b— I — a}. We denote this reflection in the a-space by =: a = — | — a. 



We derive relations (10) by expanding the both sides of the main relation (8) into power series 

00 

Z DF (a 1 ,a 2 ,a 3 ,N 1 ,N 2 ,P | q) =C DF -q de ^"- 1 + q k Jk(a> 1 ,a 2 ,a 3 , N lt N 2 , /?) 



fe=i 



(12) 



OO 

b(a 1 ,A 2 ,A 3 ,A 4 ,A,c J g) =l + ^g fe S fe ( A 1; A 2 , A 3 , A 4 , A, c) 



fe=i 



(13) 



and comparing the newly derived coefficients Jk with the known coefficients Bk (see, for example, [18]): 

(A + A 2 -A 1 )(A + A 3 -A 4 ) 



B 1 (a 1 ,A 2 ,A 3 ,A 4 ,A,c) = 



2A 



B 2 (A 1 ,A 2 ,A 3 ,A 4 ,A,c) = 



+ 



+ 



(A + A 2 - Ai)(A + A 2 - Ai + 1)(A + A 3 - A 4 )(A + A 3 - A 4 + 1) 

4A(2A + 1) 

[(Ai + A 2 )(2A + 1) + A(A - 1) - 3(Ax - A 2 ) 2 ] [(A 3 + A 4 )(2A + 1) + A(A - 1) - 3(A 3 - A 4 ) 2 ] _ 

2(2A + 1) (2A(8A - 5) + (2A + l)cj 



4A(A + 2A 2 - Ai)(A + 2A 3 - A 4 )(2A + 1) + 

2Ah6A 2 + 2(c-5)A + c' 

-(A + A 2 - Ai)(A + A 2 - Ax + 1)(A + A 3 - A 4 )(A + A 3 - A 4 + 1)(4A + c/2)- 

-6A(A + 2A 2 - Ai)(A + A 3 - A 4 )(A + A 3 - A 4 + 1 

-6A(A + A 2 - Ai)(A + A 2 - A 1 + 1)(A + 2A 3 - A 4 ) 



B 3 (A 1 ,A 2 ,A 3 ,A 4 ,A,c) = 



(A + 3A 2 - Ax)(A 2 + 3A + 2)(A + 3A 3 - A 4 ) - 



2A(3A 2 + cA-7A + 2 + c) 

-2(A + 3A 2 - Ai)(A + 1)(A + 2A 3 - A 4 )(A + A 3 - A 4 + 2)+ 
+(A + 3A 2 - Ai)(A + A 3 - A 4 )(A + A 3 - A 4 + 1)(A + A 3 - A 4 + 2)- 

-2(A + 2A 2 - A X )(A + A 2 - Ai + 2)(A + 1)(A + 3A 3 - A 4 )+ 
+(A + A 2 - Ai)(A + A 2 - Ax + 1)(A + A 2 - A x + 2)(A + 3A 3 - A 4 )+ 



+2 



(A + 2A 2 - Ai)(A + A 2 - Ai + 2)(6A 3 + 9A 2 - 9A + 2cA 2 + 3cA + c)(A + 2A 3 - A 4 )(A + A 3 - A 4 + 2) 

16A 2 + 2(c-5)A + c 



(A + 2A 2 - Ai)(A + A 2 - Ai + 2)(9A 2 - 7A + 3cA + c)(A + A3 - A 4 )(A + A 3 - A 4 + 1)(A + A3 - A 4 + 2) 

16A 2 + 2(c-5)A + c 

(A + A 2 - Ai)(A + A 2 - Ai + 1)(A + A 2 - Ai + 2)(9A 2 - 7A + 3cA + c)(A + 2A 3 - A 4 )(A + A 3 - A 4 + 2) 

16A 2 + 2(c-5)A + c 
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+(A + A 2 - Ai)(A + A 2 - Ai + 1)(A + A 2 - Ai + 2) (A + A 3 - A 4 )(A + A 3 - A 4 + 1)(A + A 3 - A 4 + 2)x 



(24A 2 - 26A + llcA + 8c + c 2 ) 
12(l6A 2 + 2(c-5)A-F 



The next section is devoted to detailed checks of the equality of coefficients Jk and Bk- Here wc briefly 
comment about the equality of normalization constants Cdf and C(Ai, A 2 , A)C(A, A3, A 4 ). Let us make a 
change (rescaling) of the integration variables: Zi = qui for i < N\ and z% = for i > N\. After this rescaling, 
the Dotsenko-Fateev integral takes the form 

a\OL2 a 2 a 3 1111 

Zdf =q 2 P (1 - q) 2 P j dux... J du Nl JdV!...J dv N2 JJ(gUj - qu^ J[( Vj - v^x 

l< 3 l< 3 

Ni N 2 JVi N 2 

n u.( v i - n^r {mi - qr> - ir n «r & - <?r k - ^ ^ 

2—1 J — 1 2—1 j — 1 

Since the integration limits no longer depend on q, it is now easy to find the overall g-degree of the integral 

deg DF = (3Ni(Ni - 1) + N, + aiNx + a 2 N r + ^ ( = 5 A - A, - A 2 (15) 

in accordance with (8). 

It is also easy to find the normalization constant: 

Cdf = C Nl (ai , a 2 )C N2 (a, a 3 ) (16) 

where a — a\ + a 2 + 2f3N\ and 

N 



C N {x lV ) =f[f d Ui H( Uj - Ui ) 2 ef[uUui - iy = 

X 1 J A ^ A A 1 



= y ] T(x + l + /3(fc - l))T(y + 1 + (3{k - l))r(l + /3k) 
11 r(a; + y + 2 + (TV + k - 2)P)Tifi + 1) 1 ' 

is the so-called Selberg integral [1, 50, 4]. As one can see, Cdf is a product of two factors, which are associated 
with the two vertices of the diagram and depend on respective screening multiplicities (Ni and N 2 ) and incoming 
dimensions (a\,a 2 and 0,0:3) of these vertices. As demonstrated in s.4.1 of ref.[4], Cn(x,u) coincides with the 
perturbative Nekrasov function and is similar (though not literally equal to, see s.3.8 below) to the three-point 
function on a sphere C(Ai,A2,A3) also known as DOZZ three-point function [54]. Therefore, we conclude 
that the Dotsenko-Fateev integral reproduces the conformal block modulo a constant factor. Hence we do not 
consider this factor in what follows, and concentrate on the coefficients of the series expansions (12) and (13). 

3 Evidence in support of (8) 

3.1 The case of /3 — 1 and all vanishing 

This is the simplest possible situation, where the equivalence between the Dotsenko-Fateev partition function 
and the 4-point conformal block can be seen. For the sake of brevity, we denote X = N 2 + 2N\N 2 . Direct 
calculation gives: 

J 1 (0,0,0,A^ 1 ,TV 2 ,/3 = 1) = -| (18) 
J2(O,O,O,iVi,JV 2 ,0-l)- 4(4^2-1)2 X+ 4(4JV2-1)2 X (19) 



G 



TtOOON N FS-V)- 4 - 267V! + 407V 2 6 - 157^ + 367V 2 2 2 - JVj + 87V 2 3 
73(0,0,0,^,^,^-1)-- 24(4jV 2_ 1)2 * + 24(4iV 2_ 1)2 * - 24(4^ _ 1)2 X ( 2 °) 

The integral at level 4 is also easily calculated (the corresponding conformal block is directly obtained too): 



Ttnnnw at R U 3888 - 275407V 2 + 562927^ - 350407^ + 67207Vf 
74(0,0,0,^,^/3 = 1)=-- 384(47V 2 -l) 2 (47v 2 -9) 2 



7101 - 223057^ + 501807^ - 339047^ + 6848iVf 2 
+ ~ 384(47vf - 1)2(4^2-9)2 

3834 - 47947V 2 + 136327^ - 106567Vf + 23047Vf 3 
384(47V 1 2_i)2( 47V 2_ 9 )2 + 

621 - 2017V- 2 + 11327V4 - 1088^ + 2567Vf 4 
+ 384(4^? -1)2(4^ -9) 2 ( ' 

Comparing these expressions with the conformal block with vanishing Ai, A 2 and A3, one finds 

J fe (0, 0, 0, JVi, 7V 2 , p = 1) = B k (0, 0, 0, (JVi + N 2 ) 2 , TV 2 , c = l) , (22) 

at least for k = 1,2,3. Thus, in this particular case the Dotscnko-Fatcev partition function correctly reproduces 
the conformal block up to level 3, at least. This is the first evidence in support of (8). This particular relation 
(22) has been already verified up to level 2 in [5] . 

3.2 The case of /3 — 1 and non- vanishing a\ 

As a, are switched on, the computation of coefficients J/, becomes harder. Currently, the two levels are calcu- 
lated: 

*m>w = d = - M -"^;;;fy"^-' (23 ) 

J2(ct „o.„.»,^ - 1) - (ai+ s,^; ( ^u^ * ( - 1 +2 °- + + wJ+ 

+ 7JViai + 27Vi7V 2 + 7iV 2 - a\ - N 2 a\ - 7V 2 2 a 2 - 7N ia \ - 57Vi7V 2 a 2 - 

- 37Vi7V 2 2 Q!i - 197V 2 a 2 - WfNiCi! - 37V 2 TV 2 - 2W? ai - 6N?N 2 - 

- 127V; 4 + 27^7^ + 27Vi7V 2 a? + 147V 2 7V 2 a? + 107V 2 7V 2 a 2 + 

+ 36N^N 2 al + 16N?N$ai + 407V 1 4 7V 2 ai + 8JV?iV| + 16JVf JV 2 ) (24) 
Comparing these expressions with the conformal block with vanishing A 2 , A 3 (and Ai non- vanishing) one finds 
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J fc (ai,0, 0, N u N 2 ,0 = l) = B k 0, 0, (n x + N 2 + , (iVr + ^ , c = lj , k = 1, 2 (25) 

One can see that, in this particular case, the Dotscnko-Fateev partition function reproduces correctly the 
conformal block up to level 2. This is yet another evidence in support of (8). 

3.3 The case of /3 — 1 and non-vanishing a 2 or a 3 

Similarly, for non-vanishing a 2 one finds 

MO.a^.N.^ - 1) - - *gjg + ^? + + + (26) 

(27Vi + a 2 J 

^,0,7^,7^ = 1) = 2(1 - ^ - 2 ™%X N ^l + a2 + 2Nl) 2 -(-^~ ^ - + 

+ 2a 2 + 7V 2 a 2 + 7V 2 2 o| + l2N ia 3 2 + 47Vi7V 2 a 2 + 2N 1 N^a 2 + 267V 1 2 a 2 l + 67V 2 7V 2 a 2 + 27V 2 7V 2 2 + 287V? a 2 + 
+ 47V 3 7V 2 + UN* -a%- 2N 2 a\ - 27V 2 a 4 - \§N x a\ - UN x N 2 ol% - lON^al - 407V 2 a 4 - 367V 2 7V 2 a 3 - 

- 167V 2 TV 2 a 2 - 847V? a 3 , - 447V 3 N 2 a 2 2 - 12NfN 2 a 2 - 1027V 4 a 2 - 30N?N 2 a 2 - 67V 4 TV 2 - 727V?a 2 - 127V? 7V 2 

- 24^ + N 2 a 7 2 + TVfc^ + 107Vi7V 2 a 6 + 8JViiVf a§ + 447V 2 TV^ + 287V 2 7V 2 a 4 + 1127V 3 7V 2 a 4 + 567V 3 7V 2 2 a 3 + 
+ 1807V] 1 7V 2 a^ + 687V 4 TVfa 2 . + 1847V? TV^ + 487V?7V 2 2 a 2 + 1127V 1 6 7V 2 Q!2 + 167V? 7V 2 2 + 327V 1 7 7V 2 ) (27) 

Comparing these expressions with the conformal block with vanishing Ai, A3 (and A 2 non- vanishing) one finds 
J k (0, a 2 , 0, N u N 2 ,0 = l) = B k (0, ^, 0, (TVi + 7V 2 + , (TV: + , c = 1^) , k = 1, 2 (28) 

For non-vanishing 013 one finds 

Ji(0, 0,a 3 , JVi, JV 2 , = 1) = -^N 2 a 3 - ^7V 2 - ljVia 3 - ^1^2 (29) 

J 2 (0,0,a 3 ,7Vi,iV2,/3 = l) = - * _ 2 ( - 7V 2 a 3 - TV 2 - TV^ - 27^ + 7V 2 a 2 + 27V|a 3 + 

+ TV 4 + 27V 1 7V 2 a 2 + 67Vi7V 2 a 3 + 47Vi7V 2 3 + 117V 2 7V 2 a 3 + 117V 2 TV 2 + 77V?a 3 + 147V 3 7V 2 - 37V 2 7V 2 a 2 - 

- 67V 2 7V 3 a 3 - 37V 2 7V 2 4 - 67V 3 7V 2 a 2 - 187V 3 7V 2 a 3 - 127V 3 TV 3 - 27V 4 a 2 - 247V 4 7V 2 a 3 - 247V 1 4 7V 2 - 

- 127V? a 3 - 247V 1 5 7V 2 + 87V 4 7V|a 2 + 167V 4 TV 3 a 3 + 87V 4 TV 4 + 167V? 7V 2 a 2 + 487V?7V 2 a 3 + 

+ 327V? TVf + 87V?a 2 + 327V 1 6 7V 2 a 3 + 327V 6 TV 2 ) 



Comparing these expressions with the conformal block with vanishing Ai, A2 (and A3 non- vanishing) one finds 



J k (0,0,a 3 ,N u N 2 ,p = l)=B k ^0,0,^,(iV 1 +7V 2 + ^) 2 ,iV 1 2 , c ^ 1^ , k = 1,2 



(30) 



Relations (28) and (30) provide yet another evidence in support of (8). 

3.4 The case of /3 — 1 and all a, non-vanishing 

For non- vanishing ai,a 2 and a 3 one finds 



Ji(ai, a2,a 3 ,iVi, A 2 , /3 = 1) = - 



(2Ag + 2Aqai + 2iViQ 2 + a 2 ai + a|) 
2(2iV 1 +a 1 +a 2 ) 2 



x (aNi A 2 + 2A^ia 3 + 2iV| + 2A 2 a 3 + a 3 ai + 2A 2 ai + a 3 a 2 + 2/V 2 a 2 ) (31) 

The formula for J 2 (cui, a 2 , a 3 ,Ni,N 2 ,(3 = 1) is a little lengthy, even for /3 = 1. For the sake of completeness it 
is presented in the separate Appendix at the end of this paper. Comparing these expressions with the conformal 
block, one finds 

J k (a 1 ,a 2 ,a 3 ,N 1 ,N 2 ,p = l)=B k (^,^ (32) 

at least, for k = 1,2. This relation is quite important: the equivalence between the conformal block and the 
Dotsenko-Fateev integral continues to hold, when the external dimensions are non-vanishing and arbitrary. 
Given this relation, one obtains the following correspondence between the parameters: 



Ar 



A 4 = NVi + N 2 + 



a\ + a 2 + a 3 



(33) 



N 2 + 



a\ + a 2 



{ 08 = 1) (c=l) 

Of course, in this particular form it is valid only for ft = 1; we now proceed to the generalization to /3 ^ 1. 
3.5 The case of arbitrary /3 and all non- vanishing 

To generalize the above formulas to an arbitrary /?, it is instructive first to look at the level 1 coefficient Ji(/3) 
with all ai non-vanishing. The corresponding expression is still not very complicated and, most importantly, 
factorized: 



J 1 (a 1 ,a 2 ,a 3n N 1 ,N 2 ,l3) 



2j3N 1 - 2/3 2 N 1 + 2N?/3 2 + 2Aq/3ai + 2a 2 - 2/3a 2 + 2N^a 2 + a 2ai + a\ 



2/3(2/3Ai + ai + a 2 )(2pN 1 + ai +a 2 -2p + 2) 
^4NiN 2 f3 2 + 2iVi/3a 3 - 2N 2 /3 2 + 2/3 2 N 2 + 2/3 + 2N 2 j3a 3 + 2/3 N 2 + 2N 2 f3a 2 + a 3 a x + a 3 a 2 ) (34) 

It is easy to recognize here the level 1 conformal block: 

J 1 (a 1 ,a 2 ,a 3 ,N 1 ,N 2 ,/3)=B 1 (A 1 ,A 2 ,A 3 ,A 4 ,A,c) (35) 
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with the following relation between parameters: 
ai(ai + 2-20) 



A 2 = 



a 2 (a 2 + 2-2/3) 



a 3 (a 3 + 2 



2/3) 



(36) 



A = 



(2ff(7Vi + JV 2 ) + oi + a 2 + a 3 )(2/3(JVi + JV 2 ) + ai + « 2 + a 3 + 2 - 2/3) 

4/3 

(2/37V 2 + ai + a 2 )(2/3N 2 + gi + a 2 + 2 - 2/3) 
4/3 



As one can see, up to level 1 the Dotsenko-Fateev partition function coincides with the conformal block even 
for /3 7^ 1 (or, what is the same, for c ^ 1). However, the precise correspondence between /3 and c is not seen 
from the above relations. We establish this correspondence below. 

3.6 Determination of the central charge 

The central charge c is not constrained by any of the relations above: it can not be found from level 1 consid- 
erations, since B\ does not depend on c. To find c, one needs to look at 



J 2 (0,0,0,JVi,JV 2 ,)3) 



^2(1 + ^2 + 2/3^-/3) 



4(3 + 2/3^ - 20)(2JVi + 1)(2 + 2pN x - 3/3)(-l + 2/3/^) ' 



x (6 - 12JV 4 /3 3 + 19/3 2 N 2 + llfS 2 ^ - 6/Vi/3 3 - 7/3 3 N$N? - 2lN 2 N 2 f3 3 + 16/V 2 /Vf^ 4 + 8N$Nf/3 4 + 6,3 3 /V 2 - 

4/V 1 /V 2 /3 2 + 9N x N 2 l3 3 + 9N x N 2 p - 46/3 3 iV 2 iV 3 + 67Vi - 6N 2 + 15/Vi/V 2 /3 2 - lSA^f /3 3 + 21N 2 N 2 /3 2 + 
2/3 4 N 2 N 2 - 13/3 + 6^ 2 - llySJVi + 40N 2 N?/3 3 + 20p i N 2 N 3 - 6/ViA^ 4 + lO/VfA^ 4 + 6iViiV 2 2 ^ 4 - 6JV1JV2 - 
6/V 2 /3 3 + 24/3 3 ZV 3 - 6iV 2 ^ - 24/V 3 ^ 2 - 6/V|/3 3 - 19/V 2 /3 2 - lON 2 N 2 /3 + 20/V 1 3 /V 2 /3 2 - 40/V 4 /V 2 /3 4 - 6N 2 p ~ 

QNiN 2 j3 + 2N 2 N 2 f3 2 - 16N 3 N 2 f3 4 + 16iV 3 /V 2 /3 3 + 19(3N 2 + 13^ 2 /V 2 ) 



This has to be compared with 

B2 (0,0.0,A„A,c)= < A - A '" 8A3 
where we put 



A 2 c 



8A 2 - 8A 2 A 4 + 2cA - A 4 Ac + 4A 4 A 
4(16A 2 - 10A + 2cA + c) 



8A 



A 4 c) 



A 4 = 0(N! +N 2 )[N 1 +N 2 +/3 + 



A = j3N 2 N 2 + 



After that it is easy to see that the difference J\ — B x is divisible by 6/3 2 + /3c — 13/3 + 6. Therefore, 



c(J3) = 13 - 6/3 - - = 1 - 6 \yp - 



(37) 



(38) 



(39) 



This completes our check of the relation (8). Of course, much more evidence can be gathered: say, one can 
calculate the whole J 2 (a\, a 2 , a^, N\, N 2 , /3) and compare it with £? 2 (Ai, A 2 , A 3 , A 4 , A, c), and then continue to 
level 3 and higher. However, the summary of evidence above available at the moment is already quite convincing. 
Instead of doing further more involved computer calculations, it is desirable to find a clever theoretical proof of 
(8). 

3.7 The lesson 

The main lesson so far is that, at least, the 4-point spherical conformal block for arbitrary values of the five 
conformal dimensions is given by the free field correlator (7), with two new parameters N± and N 2 , which are 
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Figure 4: 



used to lift the two restrictions of the naive free held: on the intermediate a-parameter and on the sum of the 
four external a-parameters. Introduction of Ni and N2 extends the 3-dimensional space of the naive free field 
conformal 4-point blocks and converts it into the 5-dimcnsional space of arbitrary 4-point conformal blocks. 
The central charge is of course arbitrary. In order to describe the entire moduli space of conformal blocks, the 
parameters Ni and N2 should be arbitrary, not obligatory positive integers, thus, the procedure includes an 
analytical continuation in N\ and JVjj- 

As we shall see in s.4, this result can be straightforwardly extended to spherical conformal blocks with 
arbitrary number of legs. Extension to higher genera requires more work, only a preliminary result for 1-point 
function on a torus will be presented in s.5 below. Extensions in two other directions: from the Virasoro to W 
chiral algebras (from U (2) quivers to U(N) quivers) and from generic to degenerate Verma modules should be 
straightforward, but are not considered in the present paper. 

3.8 A problem 

Despite undisputable success, there remains a problem, which still needs to be resolved: it concerns the issue of 
integration contours. The thing is that in our approach we integrate polynomials and then perform an analytical 
continuation to arbitrary values of parameters a, &, N. A polynomial can be integrated only along segments, 
Fig. 3: while integrals along the closed contours vanish because of the factors like 1 — e 27Tla in 




Of course, after the analytical continuation the answer should be represented by a closed-contour integral, but 
our technique can not distinguish, for example, between the two options in Fig. 4. The choice in favor of the right 
picture is obvious in the case of the 4-point function, but the (correct) choice of Fig. 5 for analytical continuation 
of the right picture in Fig. 3 is somewhat less motivated. Even harder problems arise in the case of a torus, Fig. 6, 
because there we need to integrate a holomorphic Green function, which is not periodic along the B-cycle. 
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X\ X2 




Figure 6: 



This lack of understanding does not allow us to provide a complete description of the structure constants C 
at the end of s.2 (note that in [4] also only a segment integral is considered, and this contributes to a difference 
between Cjv(ai,Q!2) and the DOZZ function). 

Even more important, this obscures generalization to higher genera: only the case of N2 = for a torus will 
be briefly considered in s.5. An additional problem for genus g > 1 is a mismatch between the number 3g — 3 of 
internal dimensions in the vacuum diagram and the number 2g of non- homological cycles. It can happen that 
the Dotsenko-Fateev integrals are taken along all the 3g~ 3 non- homotopic cycles, see Fig. 7, but again the issue 
of analytical continuation in the language of contours should be better understood to justify this hypothesis. 
An additional difficulty here is the lack of knowledge about conformal blocks beyond genus one. 

These problems are essential and their resolution is one of the primary tasks in further development along 
the lines of the present paper. 

4 Multipoint functions on a sphere 

A natural generalization of relation (8) is to multipoint correlators 

(v Al (zi) ... V Am (z m )) 

where Aj's are the dimensions of m primary fields on a sphere. With the help of SL(2) transformations, one 
can always put the coordinates Zi, . . . , z m to positions 0, X\, x 2 , . . . , x m _3, 1, 00. It is often convenient (for the 
reasons clarified below) to choose another parametrization of coordinates: 

m— 3 

xi = qiq 2 ■ ■ ■ q m -3, x 2 = q2-.- q m -3, %i = Qj, ■ ■ ■ > = <7m-3 (41) 

Accordingly, in this parametrization the m-point correlator on a sphere depends on m — 3 variables qi and can 
be written as a sum over m — 3 intermediate dimensions Si : 

m— 3 m— 2 

( n v &i( x i)- V r A m _ a (0)V r A m _ 1 (l)VA m (oo)) = J2 C*(Ai, A2, (Si) Y[ C(Sj,Aj + 2,Sj + i)C(S m -3,A m -i,A m ) x J" (42) 

i=l (5i...£ m _ 3 j=l 



12 



JV 3 



N 6 




Figure 7: An example of a genus three Riemann surface with 3g — 3 = 6 non-homotopic non-contractable contours and the 
associated Feynman-likc vacuum diagram for the conformal block with 3g — 3 = 6 internal dimensions and no external legs. 



e 



Va,(*2) 



^A m _ 2 (z m - 3 ) Va^^I) 



Si 

bN l 



Jm—'i 



Jm— 3 



e ©- 

^ vn— 3 ^m- 

«2 = 5i + a 3 + bN 2 = 

= 5i +<5 2 +a 3 + fe(iVi +iV 2 ) 



^A m (oo) 



Figure 8: Feynman-like diagram for a comb-like conformal block. Here Sj = cij (5,j + | — 6) and Aj = Oj (<5j + | — 6) are the 
to — 3 internal and rra external dimensions, respectively, and Xi = J^[™_~ 3 9j • The role of the screenings is to modify the free field 
selection rule at the vertices: instead of dj = dj—i + <5j+i one has a,j = cij-i + &j+i + bNj. 



with a shorthand notation 

m— 3 



m— 3 



«i-Ai-...-A 4+ 



i+1 B(Ai, . . . , A m ,<5i, . . . ,<5 m _ 3 , c | ft, . . . ,5 m - 3 ): 



x II $ Al A,+1 J B(Ai,...,A m ,<5i,...,<5 m _3, c | qi,...,g m _ 3 ) 

i=l 



(43) 



As before, C's are the 3-point functions (which do not depend on g and play the role of normalization constants 
for B(0, . . . , 0) = 1), c is the central charge and B(q) is the m-point conformal block on a sphere. The order of 
contractions of the 3-point functions in eq. (42) is most conveniently represented by a comb-like diagram Fig. 8. 

In analogy with the 4-point conformal block, the functions £?(Ai, . . . , A m , Si, ... , S m s, c | qi, . . . , q m —'i) 
possess explicit series representations in positive powers of qi,... ,q m -3, which are described in [44]. This is 
actually the reason to use the parametrization (41): in terms of the variables Xi, . . . , x m _ 3 , the series would 
contain negative powers of variables, which is less convenient. In this paper we are interested more in integral 
representations for these conformal blocks, provided by the multi-point Dotsenko-Fateev partition functions 



^DF 



lm-1 

n 

\ a=0 



: e 



a a+1 4>(x a ) 



rn-2 

n 

o=l 



: e 



M : dz 



a a a b TO _ 2 jy a x ' a m-2 

=H(x b - Xa ) ^ nn/^i+---+^-i^n^-^nn^- x -) a °^ 

a<b a— 1 i— 1 ^ z<j z a— 



(44) 
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where (3 — b 2 , a a — 2ba a and q = x = 0, 

Qm— 2 — %m— 2 — 1- It is natural to propose the following integral 
representation of spherical conformal blocks, a multipoint counterpart of the relation (8): 



lib — o 

Z DF [ai, . . . , at m -i, Ni, . . . , Nm-2,fi | qi, ■ ■ • , <?m-3 ) = Cdf • Y[ ^° Sl ' • ■ ■ ' £1, - ■ ■ , <$ m _3, c I qi,..., qm-3) 



(45) 



where deg { = Si — Ai — . . . — A i+ i. Again, Cdf is the Dotsenko-Fateev normalization constant, which does 
not depend on q (but depends on all the other parameters) and is a product of m — 2 factors 

Cdf = C Nl (ai,a2)C N2 (5i,a 3 ) . . . C Nm _ 2 (S m -3,a m -i) (46) 

which are associated with the m — 2 vertices of the diagram and depend on respective screening multiplicities 
(Ni, . . . , N m - 2 ) and incoming dimensions of these vertices. The relation between the 2m — 2 Dotsenko-Fateev 
parameters a\, . . . , a m _i, N\, . . . , A m _ 2 , /? and the 2m — 2 parameters of the conformal block Ai, . . . , A m , 
Si,...,5 m - 3 , c is 

c^K + 2-2/3) . 
Ai = — , i = l,...,m-l 

_ (ai + ■ . . + a m _i + 2 J g(iVi + . . . + JV m _ 2 )) (ai + ■ ■ ■ + a m -i + 2/3(JVi + . . . + JV m _ 2 ) + 2-2,3) 
m ~ 4/3 

_ (<*! + ... + « m + 2g(JVi + . . . + A,)) (ai + ... + a i+ i + 2/3(iV 1 + . . . + N$ + 2 - 20) 



4/3 

i \ 2 

c=l-6 



V/3 



or, in terms of free field variables, 



A, = (i, ( &i + ^ - b ) . i - 1 . . . .Ill " ] 



(47) 



A m =(&! + ... + 5 m _! + 6(JVi + . . . + A m _ 2 )) + . . . + a m _! + 6(JVi + . . . + A m _ 2 ) + & - * 
5i = (ai + . . . + a i+ i + 6(JVi + . . . + JV 4 )) ( 5i + . . . + + 6(M + . . . + A;) + b - J 



V 2 



(48) 



0=1-6^6 b 

The rules, which clearly stand behind these relations, are just the same as in the 4-point case, see Fig. 8: 

1) Insertion of the first m — 3 screening integrals with multiplicities Ni,...,N m _3 is needed 
to satisfy the free field conservation law for the vertices, &j = &i + . . . + + WVi + . . . + WVj 
so that the internal dimensions Si — ji (7, + ^ — 6) becomes unrelated to the free field values 
A/ ree = (ai + . . . + cij+i) (tii + . . . + Sj+i + 5 — 6) . The Aj integrals in these screenings are around 
positions of Vai(O) and V^ i+1 (xi). 

2) Insertion of the last A TO _2 screening integrals is needed to satisfy the free field conservation 
law for the most right vertex a m = a m s + a m _i + &A TO _ 2 . 

3) Alternatively, these additional N m _ 2 screening integrals are needed to satisfy the free field 
conservation law 



J2ai + bJ2Ni = (g-l)(--b) 

i=l i=l V ' 



(49) 



(g is the genus, g = for the sphere), by putting a m = —&i — ... — a m _i — b(Ni + . . . + A m _ 3 ) — \ + b. 



14 



These rules naturally follow from the general logic of conformal field theory, supplied by convincing evidence 
from direct calculations in the 4-point sector. Of course, for m > 4 they still need to be carefully checked and/or 
rigorously proved. Here we consider just the simplest check of (45) for the 5-point Dotscnko-Fateev integral: 

ai(a 2 + a 3 ) a\OL2 



3 04 



2 04 



0:20:3 



Zdf — Q\ 

Nl 9192 N2 92 



2/3 



<h 



2/3 



(I-91) 2 P (1-9192) 2 ^ (l- 92 ) ^ x 



n / dzi n / dzN ^ n / ^1+^+* u^-^U 2 " 1 ^-^ 2 ^ 2 ^-^ 3 ^-^ 



(50) 



The check of relation (45) for arbitrary values of a±, . . . , 04 is straightforward, but tedious. To provide simple 
and clear evidence, we perform such a check in the particular case of vanishing and for (3 = 1. In this case, 
the power series expansion of the Dotsenko-Fateev partition function has the form 



7 _ _ n (N 1 + N 2 f Nl 
ADF — 9l 92 



1+ Jk^NuN^N^q^q 1 ? 



fci+fc 2 >0 



We find at level 1 

Ji,o(N lt N 2 ,N 3 ) =- 
and at level 2 



JViJV 3 (JVi + 2iV2)(2iVi + 2N 2 + N 3 ) 



, Jo,i(Ni,N 2 ,N 3 )=- 



N 1 (N 1 +2N 2 ) 



2{N 1 +N 2 ) 2 

JViJV3(2JVi + 27V 2 + JV 3 )(JVi + 2iV 2 ) 



(51) 



(52) 



(2JVi + 2A^ 2 - l) 2 (2iV! + 2^)2(2^ + 2Ar 2 + l) 2 

x (-1 + 167V 3 7Vf + 2^3^ - 3N$N? - 6N 3 N? + 8iVf JV? - 8N$N 3 - 4/Vf iV| + 2N 2 N 3 - 56iViiVf - 48N?N 2 - 
76AT2JV| + 14iViiV2 + 32iy 2 4 JV 3 JVi + 16iV|AT|iVi + n2N$N 3 N? + ^N^N^N 2 + 14AN 2 N 3 N^ - 20ATf .ZV3./V1 - 
18N 2 N 3 N? - 6N 2 N 2 Ni + 32N 2 N 2 Nf + 80N 2 N 3 N* + 8iV| + 7A^ 2 + N 2 - 12N? - 167V 2 4 ) 



iV 3 (2A^! + 2iV 2 + N 3 )(-N 2 - 2N 2 - 2N X N 2 + N? + 4N?N 2 + AN 2 N 2 ) 

{2N X +2N 2 ) 2 



iVi(7Vi + 2/V 2 )(iVi 2 - 12iV| + 7N$ - 1 + SiV^ 4 + 16JViJV| - 3iVj 2 iV 2 2 - 6iViiVf + 27^3) 



Jo,2(N u N a ,N 3 ) - 4(2jVa _ 1)2(2jV2 + 1)2 

These expressions need to be compared with the 5-point conformal block 

b(a 1 ,A 2 ,A 3 ,A 4 ,A 5 , ( 5 1 ,(5 2 ,c I 91,92 )= 1+ J2 £fci,fc 2 ( A i, A 2 , A 3 , A 4 , A 5 , <5 l5 <5 2 , 0)9^ 

fei+fe 2 >0 

which was calculated explicitly in [44] at level 1: 

R (A A A A A A A ^ - (<5i + A 5 - Wi + A 4 - Ai) 
-Diol Al, A2j A 3 , ^4 j ^5> 01, o 2 , r 



B01 (Ai, A 2 , A 3 , A 4 , A 5 , Si, 62, c) 



25-1 

(^ 2 + A 5 -^)((5 2 + A 2 -A 3 ) 
2£ 2 



(54) 
(55) 

(56) 
(57) 



and at level 2: 



B2o(Ai,A2,A 3 ,A4,Ab,$i,J2,c) = 



2{5 1 + 2A 5 - ggKgi + 2A 4 - AiKggi + 1) 
16<5 2 - 10<5i + 2c5i + c 



3(ft + 2A 5 - 8 2 )(S 1 + A 4 - AQQSi + A 4 - Ai + 1) 
16<5 2 - l(Wi + 2c5i + c 



3(3 2 - A 5 - 6^(62 - As - ^ - + 2A 4 - AjJ 
16<5 2 - 10<5i + 2c(5i + c 



+ 



+ 



(ja - A 5 - 6^(62 - A 5 - S 1 - !)(& + A 4 - Ai)((5i + A 4 - Ai + l)(8fr + c) 
4(5i(16<5 2 - 10<5i + 2c5i + c) 



(58) 
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(a a a a a a a A ± As - ggKgg + a 5 - <?i - 1) + ggiKji + a 4 - AiKjg + a 2 - A3) 

^Ai, A 2 , A 3 , A 4 , A B ,di,d 2 ,cJ = (59) 

_ 3(<5 2 + 2A 5 - ^2 + A 2 - A 3 )QS 2 + A 2 - A 3 + 1) 
ml - 10<5 2 + 2cS 2 + c 

3{S 2 + A 5 - <5i)(5 2 + A 5 + 1)(J 2 + 2A 2 - A 3 ) 



16(51 - 10(5 2 + 2c5 2 + c + 
($2 + A 5 - 6^(62 + A 5 -6 1 + 1)(85 2 + c)(S 2 + A 2 - A 3 )(<5 2 + A 2 - A 3 + 1) 



(60) 



4(5 2 (16(5|-10(5 2 + 2c(5 2 + c) 
Comparing these expressions, one finds 

J klM (N U N 2 , 7V 3 ) = B klM (0, 0, 0, 0, (JVi +N 2 + iV 3 ) 2 , (iVi + N 2 f, (N 2 ) 2 , c = l) (61) 

at least, for (ki,k 2 ) = (1, 0), (0, 1), (2, 0), (1, 1), (0, 2). This relation can be considered as an evidence that 
Dotscnko-Fateev integrals continue to provide a relevant description of spherical (genus zero) conformal blocks 
beyond four primaries. 

5 Dotsenko-Fateev integral on a torus 

Since the Dotsenko-Fateev integrals (7) and (44) are made from the correlators of free fields, one can easily 
consider their generalizations on higher genus Riemann surfaces. There is no an evident way to associate these 
integrals with the corresponding conformal blocks, and we shall now see that, indeed, the most naive attempt 
leads to an expression which is surprisingly similar, but still different. Thus generalization of the AGT conjecture 
in this direction still remains to be found. This short subsection only describes the setting. 

If a Riemann sphere is substituted by a torus, then at the r.h.s. of (7) and (44) the role of the holomorphic 
Green functions is played by the odd theta-functions 

/ \ . x . 3x , . 5x fi . 7x ^ „,„,,wo . (2n+l)x 
6*(x) ~ sin - - qsm— + q d sm — - g sin — + . . . = 2_^(-l) n q n{n+1)/2 sm- — — (62) 

Z Z Z Z z 

n=0 

and the typical Dotsenko-Fateev integral looks like 

Z DF (a,p,N,q) = Jdzi...J dz N JJ 9,(z t - ztf? \{ 6*( Zi ) a = const • (1 + J x q + J 2 q 2 + . . .) (63) 
*<J * 

There are many questions to ask about the r.h.s. of this formula, to mention just a few: the integrand is not 
double periodic; the conservation law a + Nb = is not satisfied (and there is no infinitely remote point to hide 
the compensating insertion at); the integral is taken only along the A-cycle; it is unclear if the argument of [48], 
allowing to neglect the second set of screening charges, is applicable and so on. Not to repeat that there are 
no basic reasons to identify this integral or any of its modifications with the toric conformal block, except for a 
certain similarity to the AGT conjecture in the form of (8) and (45). 

For good or for bad, the coefficients at the r.h.s. of (63) can be straightforwardly calculated. To do this, 
notice that the Green function can be represented as a product 

<9»(x)~ sin ! jl + (l -4cos 2 |) q+ (l - 12cos 2 | + 16cos 4 |) q 2 + ...} (64) 
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Using this formula, it is easy to find 

N 



J 1=a J2{l- 4cos 2 f) + 2/3£(l- 4cos 2 ^) (65) 

i— 1 i<j 



where the Dotsenko-Fatccv correlators arc defined as 



27r 2n / - z ■ \ 2/3 / z t 

J dzi . . . J dz N f{z u ...,z N ) II sin - 3 II ( sin ^ 

f(zu ...,z N )) = — — (66) 



J dz\ ■ ■ ■ J dzN Yl I sin - J Jl ( si 

i<j V z / i y 



t<j 

Direct calculations give 

2 Zi\_ 1 + (N-1)0 



sm — 
2 



C ° S 2 / = 2((N-1)P + a/2 + 1) (67) 
and 

_ ,. . (iV - 1)(JV - 2)/3 2 + /?((iV - 2)a + (27V - 3)) + (1 + a + a 2 /2) 

cos 2 £l_M = V _i (68) 

2 2((JV-l)/3 + a/2 + l) 

Note that the r.h.s. does not depend on i, j because of the permutation symmetry. Consequently, 

Ji = aN(l - 4cos(z 1 ) 2 ^> + (3N(N 4cos(zi - z 2 ) 2 ^ = (69) 

N/3(N - i)(pN - /3 + l)(/3iV - 3/3 + 1) + iV(3/3iV - 3/3 + 2/3 2 iV 2 + 1 + 4/3 2 - 6/3 2 iV)a + §iV/3(iV - l)a 2 - |iVa 3 
~ (l-/3+f +/37V) 2 

The integral Zdj? needs to be compared with the toric 1-point function 

B = 1 + B x q + B 2 q 2 + ... (70) 

where (see, e.g., [35, 38]), 

Bi = AL-A eat + 2A 

Since A and A ext are given by formulas like (10) 

aia + 2-m 0(0 + 2-2?) 

4/3 ' ext 4/3 v ; 

which are not full squares, it is clear already from a look at the denominators that (69) does not match (70). 
At the same time the difference is not quite as drastic as it could be. It looks like the most severe discrepancy 
between Zof and the toric conformal block is just in the number of free parameters. In the Dotsenko-Fateev 
integral, a is actually fixed by the free field conservation law 

a + 2/3N = (73) 

The most straightforward way to relax this restriction is to introduce N 2 additional integrals over the .B-cycle. 
In terms of variables z i7 this would result in the following modification of the Dotsenko-Fateev integral: 

Z DF (a,f3,N u N 2 ,q) = J dz x . . . J dz Nl J dz Nl+1 . . . J dz Nl+N2 J] 6*(z t - z,) 2 ^ ]J 0*{z t ) a (74) 

B B i<j i 

and the new conservation law would take form 

a + 2f3(N 1 +N 2 )=Q (75) 
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There is also a selection rule which states 

a + a + 2f3N x = 2/3 - 2 - a (76) 



in accordance with 



Thus 



A[a] = a(a + ^- 2/3) =A[2/3 _ 2 _ a] (?7) 



a = (A^2 + 1)0 - 1 (78) 

The exact formula (69) for Ji is sufficient to describe only the case when N\ — N and N 2 = 0. In this 
situation, one gets from (78) and (75) 

a = /3 - 1, a = -2j3N (79) 

so that A and A ext are equal to 

A = -^^, A ext = JV(/3iV + /3-l) (80) 

Substituting these expressions into B\ and J\, one obtains 

2/3 3 N A - 4/3 2 iV 3 + 4/3 3 N 3 - 6/3 2 N 2 + 2/3 3 N 2 - 2/3 2 N + 2/3N 2 + 2/3N - 2/3 + /3 2 + 1 

Si = c^ip (81) 

and 

j 1 = -ME + - ^ +f N - 1 + 4 ^ - = Bi + 3Aext _ 1 + m (82) 

As one can see, the discrepancy between these two quantities is quite moderate. In principle, the extra terms 
3A ext — 1 + 3N can be easily absorbed into U(l) factors, but it does not seem natural to introduce U(l) factors 
which depend explicitly not only on dimensions, but also on N. A straightforward solution may be to divide 
each screening integral by (1 — q) 3 or by q^ 1 ^ 8 rj(q) 3 , where 

oo 

v(q) = q 1/2i Hd-q n ) (83) 

71=1 

is the Dedekind eta-function. However, it remains to be checked if such a prescription can correctly reproduce 
the toric conformal block at level 2 and at higher levels. The problem clearly deserves further investigation. As 
already explained in s.3.8, an even bigger problem is to adequately switch on N 2 ^ 0. 



6 Conclusion 

In this paper, we provide some further evidence in support of the modified AGT conjecture [1, 5], identifying 
conformal blocks with matrix integrals in the DV phase, and making no any direct reference to the Nekrasov 
functions. This evidence, together with the earlier results in [2, 3, 4, 45], seems to be sufficient to establish the 
relation at the spherical level. As a byproduct, we found explicit formulas for the analytical continuation of 
the Dotscnko-Fateev integrals, which appear parallel to the formulas [13] for the CIV superpotcntial. However, 
nothing like a straightforward proof of the modified AGT conjecture is yet available, and it can not yet be used 
to prove neither the original AGT hypothesis [15] along the lines of [1, 5], nor its BS/SW version [9, 34, 37]. 
Moreover, generalization to higher genera also runs into certain problems, briefly described in the. s.3.8 above. 
The future proof should clarify these subtle points and establish a direct relation between the decomposition 
formulas [55] for matrix model partition functions and the conformal block expansions [51, 15, 18] into the triple 
vertices and the inverse Shapovalov matrices. 
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Appendix. Explicit expression for ^(ai, a% «3, tVi, 7V2, /3 = 1) 

J 2 (a 1 ,a 2 ,a 3 ,N 1 ,N 2 ,l3 = l) = — + ^ + — - - - - - - - — - i)2 x 

^ — 2a\a 3 -4aia 2 a 3 — 2ala 2 a 3 — 4N 2 a 2 a 3 — 4N 2 a 2 — AN 2 aia 2 a 3 — 8N 2 aia 2 — 4:N 2 aia 2 — 4N2a 2 — 4:N2aia 2 - 

8Niala 3 - 12Niaia 2 a 3 - 47V L a 2 a 3 - 87Vi7V 2 a 2 a 3 - IQN^al - 87Vi7V 2 aia 3 - 247Vi7V 2 aia 2 - 87Vi7V 2 a? - 
WxN%a 2 - WxNZai - 122V?a 2 a 3 - tfJVfrias - 8N?N 2 a 3 - 24N?N 2 a 2 - 24A7 1 2 JV 2 ai - 87V 2 TV 2 - 8JV?a 3 - 
167Vf N 2 + a 2 a 3 + 4a 2 a 3 + 2ot\a 2 a 3 + 16aia 2 a 3 + a 2 a 2 a§ + 24a 2 a 2 a 3 + 16a 3 a 2 a 3 + 4a 4 a 2 a 3 + 47V 2 a 2 a 2 + 

12N 2 aja 3 + 8N 2 a^ + 8N 2 a 1 alal + mN 2 a 1 a\a z + 327V 2 a :L a 2 1 + AN 2 a\a 2 al + 36N 2 afaja 3 + 487V 2 a 2 a 2 ! + 

127V 2 a? a 2 a 3 + 327V 2 a 3 L a 2 i + 87V 2 a 4 a 2 + 47V 2 2 a 2 ,a 2 ; + 12iV 2 2 a^a 3 + 127V 2 2 af + 4iVf aia 2 a§ + 247V 2 2 aia 2 ,a 3 + 
36iVf aial 1 + l2N^ala 2 a 3 + 367V|a?a^ + 127V 2 2 a?a 2 + 87Vf a^ + 87Vf a^ + 87Vfaia 2 a 3 + 16iV|aia^ + 8iV 2 3 af a 2 + 
4Ar|a^ + 4iV 2 4 aia 2 + 47V L a 2 1 a 2 1 + 32iVia|a 3 + 47V L aia 2 ! a§ + 1007Viaiaia 3 + 1127Via?a|a 3 + 527Via 3 a 2 a 3 + 
8N ia \a 3 + 16N 1 N 2 a^al + 72N 1 N 2 ala 3 + 647Vi7V 2 a 2 l + 2AN 1 N 2 a 1 a 2 al + 160iViiV 2 aia^a 3 + 2007Vi TV^a^ + 
8N 1 N 2 alaj + lUN^af a 2 a 3 + 2247V! TV^a 2 , + 247V 1 7V 2 a 3 a 3 + 1047^ 7V 2 a? a 2 + 16JViJV 2 af + 8N 1 N^a 2 aj + 
487Vi Nla\a 3 + 727Vi TV 2 a 3 + 8iViiV 2 aia^ + 727Vi7V 2 aia 2 a 3 + 1607Vi TVfaia^ + 247Vi7V 2 a 2 a 3 + 1127Vi7V 2 a 2 a 2 + 
247Vi7V 2 a 3 + I6JV1 JV|a 2 a 3 + 327V 1 7V 2 3 a 2 ; + 16JViiVf aia 3 + A8N 1 N^a 1 a 2 + 167Vi7V 3 a 2 + 87Vi7V 2 4 a 2 + 87Vi7V 2 V + 

AN^alal + 10(Wj 2 a 2 , a 3 + 2407V 1 2 a :L a 2 ,a 3 + 192A^ 2 af a 2 a 3 + 527V 1 2 a?a 3 + 247V 2 TV^a 2 , + 1607V 2 JV 2 a|a 3 + 
2007V 2 7V 2 al+247Vf7V 2 aia 2 ,+2647V 2 7V 2 aia 2 a 3 +4807Vf^^ 

87V 2 7V 2 a 2 + 727V 2 7V 2 a 2 a 3 + 1607V 2 7V 2 a 2 + 727V 2 7V 2 a 1 a 3 + 2647V 2 7V 2 aia 2 + 1127V 2 TVfa 2 + 167V 2 7V 3 a 3 + 
487V 2 TV 3 a 2 + 487V 2 7V 3 ai + 87V 2 TV 4 + 1607V 3 a^ag + 2807V 3 a 1 a 2 a 3 + 1287V 3 af a 3 + 167V 3 7V 2 a| + 1767V 3 7V 2 a 2 a 3 + 

3207V 1 3 7V 2 a| + 1 767^^2 a i« 3 + 560N?N 2ai a 2 + 256N?N 2 ai + 487V 1 3 7V 2 2 a 3 + 1767V! 3 7V 2 2 a 2 + 1767V 1 3 7V|ai + 
327V 1 3 7V 2 3 + 1407V 4 a 2 a 3 + 1407V 4 aia 3 + 887V 4 7V 2 a 3 +2807V 4 7V 2 a 2 +2807V 4 7V 2 ai +887V 4 7V| + 567V! 5 a 3 + 1127Vf 7V 2 - 
2afa 2 — 2a 2 a 3 — 8aia^a§ - I2aia^a 3 - 12a 2 af a 2 — 30a 2 a|a 3 — 8a 3 a\ a 3 — 40a 3 a|a 3 — 2ot\a\a\ — 30af a 2 a 3 — 
12afa|a 3 -2afa 2 a3-87V 2 a|a^-127V 2 a^a3-47V 2 a^-287V 2 aia|a|-567V 2 aia^a 3 -247V 2 aia^-367V 2 afa^a^- 
1047V 2 a?a^a 3 - 607V 2 af a\ - 207V 2 af a\a\ - 967V 2 a?a|a 3 - 807V 2 af a\ - 47V 2 a 4 a 2 a^ - 447V 2 af a\a 3 - 607V 2 a 4 a 3 - 
87V 2 afa 2 a 3 -247V 2 afa|-47V 2 afa 2 -87V|afa|--247V 2 2 a^a3-127V|a^-207V 2 2 aia|a§-847V|aia|a3-567V|aia|- 

167V|af a|a§ - 1087V|a?a|a 3 - 1047V|a?a^ - 47V|af a 2 a| - 607V 2 2 a?a|a 3 - 967Vfaf a| - 127V 2 2 afa 2 a 3 - 

447V|afa| - 87V 2 2 afa 2 - 167V|a|a 3 - 16iV|a| - 407V|aia^a 3 - 567V|aia| - 327V 2 3 a?a|a 3 - 727V 2 3 a 2 a 3 , - 
87V 3 a?a 2 a 3 - 407V 3 a 3 a| - 87V 3 a 4 a 2 - 87V 4 a 4 - 207V 4 aia 3 - 167V 4 a 2 ai - 47V 4 a?a 2 - \%N x a\ot\ - 247V X a\a 3 - 
527V!aia|a^ - 1207V!aia^a 3 - 607V!afa^a^ - 2^N x a\a\a 3 - 28N x a\a\a\ - 2567V! afa^a 3 - 47V 1 a 4 a 2 a 2 - 
1447Via 4 a^a 3 - 407Viaf a 2 a 3 - 47Viaf a 3 - 567Vi7V 2 a^a^ - 1127Vi7V 2 a^a 3 - 487Vi7V 2 a^ - 1447Vi7V 2 aia 3 a 2 - 
4167Vi7V 2 aia|a 3 - 2407V L 7V 2 aia 2 ' - 1287Vi7V 2 a^a^a§ - 5927Vi7V 2 af a^a 3 - 4887Vi7V 2 af a\ - 487Vi7V 2 af a 2 a| - 

4007Vi7V 2 afa|a 3 - 5127Vi7V 2 afa^ - 87Vi7V 2 a 4 a| - 1287Vi7V 2 af a 2 a 3 - 2887Vi7V 2 af a\ - 167Vi7V 2 afa 3 - 
807Vi7V 2 af a 2 - 87Vi7V 2 af - 407Vi7V 2 2 ala| - 1687Vi7V 2 2 a|a 3 - 1127Vi7V|a| - 647Vi7V 2 2 aia^a| - 4327Vi7V 2 2 aiaia 3 - 

4167Vi7V|aia| - 327Vi7V|a?a 2 a^ - 3847Vi7V 2 2 af a\a 3 - 5927V! 7V| a\ a\ - 8N x Nla\a\ - 1447Vi7V 2 2 a?a 2 a 3 - 
400iViiVf a? a\ - 247V X TV 2 a\a 3 - 128N X TV 2 a\a 2 - l&N^al - 807V 1 7V 3 a|a 3 - 1127V! TV 3 a\ - 1287V! TVfaia^ag - 
2887Vi7V 2 3 aia^ - 647Vi7V 2 3 a?a 2 a 3 - 2567Vi7V 2 3 a?a| - 167Vi7V 2 3 a?a 3 - 967Vi7V 2 3 a?a 2 - 167Vi7V 2 3 af - 407Vi7V 4 a 2 ; - 

647Vi7V 2 1 Q!ia| - 327Vi7V 2 4 afa 2 - 87Vi7V 2 4 a? - 527V! 2 a|a§ - ^OTVfa^aa - 1327V! 2 aiaia| - 4927V! 2 aia|a 3 - 
1127V! 2 a?a|a| - 7967V! 2 af a^a 3 - 367V! 2 a?a 2 a| - 6367V! 2 af a\a 3 - 47V 1 2 a 4 a 2 ; - 2527V! 2 a 4 a 2 a 3 - 407V! 2 af a 3 - 

1447V! 2 7V 2 a|a§ ~ 4167V! 2 7V 2 a|a 3 - 2407V 2 TV^ - 2647V! 2 7V 2 aia^a§ - 12007V 2 TV^ia^ajj - 9847V! 2 7V 2 aia| - 
1687V 2 7V 2 a 2 a 2 a^ - 12807V 2 7V 2 afa|a 3 - 15927V 2 7V 2 afa| - 487V 2 7V 2 af a| - 6247V 2 7V 2 afa 2 a 3 - 12727V 2 7V 2 af a 2 - 
1287V 2 7V 2 a 4 a 3 - 5047V 2 7V 2 af a 2 -807Vi 2 7V 2 af -647Vi 2 7V|a|a| -4327Vi 2 7V 2 2 a|a 3 -4167Vi 2 7V 2 2 a| -727Vi 2 7V 2 2 aia 2 a| - 
7927V 2 7V 2 aiaia 3 - 12007V 2 TVfaiai - 327V 2 7V 2 a?a| - 5047V 2 7V 2 a 2 a 2 a 3 - 12807V 2 7V 2 a 2 a 2 - 1447V 2 TV 2 a? a 3 - 
6247V! 2 7V 2 2 a?a 2 - 1287V 2 7V 2 2 af - 1287V 2 TVla^ag - 2887V! 2 7V 2 3 ai - 1447V 2 7V 2 3 aia 2 a 3 - 5287V! 2 7V 2 3 aia^ - 
647Vi 2 7V 2 3 a?a 3 - 3367Vi 2 7V 2 3 a?a 2 - 967V! 2 7V 2 3 a\ - 647V 1 2 7V 2 i ai - 727V 2 7V 2 4 aia 2 - 327V 2 7V 2 4 a? - 88Nla\a\ - 
3287V 3 a^a 3 - 1687V 3 aia|a^ - 10807V 3 aia|a 3 - 1047V 3 af a 2 a\ - 13447V 3 a?a|a 3 - 247V 3 a 3 a§ - 7607V 3 a?a 2 a 3 - 

1687V 3 a 4 a 3 - 1767V 3 7V 2 a|a§ - 8007V 3 7V 2 a 3 a 3 - 6567V 3 7V 2 a| - 2407V 3 7V 2 aia 2 a^ - 17607V 3 7V 2 aia|a 3 - 
2160^ 7V 2 aiai - 1127V 1 3 7V 2 a?a| - 13767V 1 3 7V 2 a?a 2 a 3 - 26887V 1 3 7V 2 Q ! f a\ - 4167V 1 3 7V 2 a 3 a 3 - 15207V 1 3 7V 2 a?a 2 - 

3367V! 3 7V 2 af - 487V 1 3 7V 2 2 a 2 a| - 5287V 1 3 7V 2 2 Q ! la 3 - SOOTV^TVfal - 487V 1 3 7V 2 2 aia§ - 7207V 1 3 7V 2 2 aia 2 a 3 - 
17607Vf7V 2 2 aiai-3367Vf7V 2 2 afa 3 -13767Vf7V 2 2 a?a 2 -4167Vf7V 2 2 a?-967Vf7V 2 3 a 2 a 3 -3527Vf^ 

4807V 3 7V|aia 2 - 2247V 3 7V 3 af - 487V 3 7V 4 a 2 - 487V 3 7V 4 ai - 847V 4 a^a 2 - 5407V 4 a|a 3 - 1207V 4 aia 2 a 2 - 
13807V 4 aia|a 3 - 527V 4 a 2 a 2 - 12207V 4 a 2 a 2 a 3 - 3807V 4 af a 3 - 1207V 4 7V 2 a 2 a 2 - 8807V 4 7V 2 aia 3 - 10807V 4 7V 2 a^ - 

1207V 4 7V 2 aia§ - 14407V 1 4 7V 2 aia 2 a 3 - 27607^ TV^a;; - eSSTV^TVaaf a 3 - 24407V 1 4 7V 2 a?a 2 - 7607V 1 4 7V 2 q ! ? - 
247V 1 4 7V|q ! | - 3607V! 4 JV|a 2 a 3 - 880iV^iV|a| - 3607V! 4 7V|aia 3 - 1 4407Vi 4 7V 2 2 a ia 2 - 6887V 4 7V 2 2 af - 487V 1 4 7V 2 3 a 3 - 
2407V! 4 7V|a 2 - 2407V! 4 TVfai - 247V 1 4 7V 2 4 - A8Nla 2 al - 5527V 1 5 a|a 3 - 487Vfaiai - lOOSTVfa^as - 488^0? a 3 - 
487V 1 5 7V 2 a| - 5767V! 5 7V 2 a 2 a3 - 11047V 1 5 7V 2 a^ - 5767Vi 5 7V 2 aia 3 - 2016^^201^ - 9767V 1 5 7V 2 a? - 1447V! 5 7V|a 3 - 
5767Vf7V 2 a 2 - 5767^ TVfai - 967V 5 TV 3 - leTVfa 2 - 3367Vf a 2 a 3 - 3367Vf aia 3 - 1927V! 6 7V 2 a 3 - 6727V 1 6 7V 2 a 2 - 
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6727Vf7V 2 ai-1927Vf7V 2 2 -967V 7 a 3 -1927V 1 ^ 

a\a\a\ + AN 2 a 7 2 a\ + 47V 2 a 2 ! a 3 + 2QN 2 a 1 ala\ + 2AN 2 a x a 7 2 a 3 + 407V 2 a 2 a 2 'a 2 . + 607V 2 a 2 a%a 3 + 40N 2 alajaj + 
80N 2 ala%a 3 + 207V 2 a 4 a\a\ + 607V 2 a 4 a\a 3 + 47V 2 af a\a\ + 247V 2 af a|a 3 + 47V 2 a 6 a 2 ! a! 3 +4N$a%al + 12N^a 7 2 a 3 + 
47Vf af, + 16iV 2 2 aia|a| + 60iV 2 2 aia^a 3 + 24iV 2 2 ai^ + 247V 2 2 a?a|al + 1207V 2 2 a 2 a|a 3 + 607V 2 2 a?a| + 167V 2 2 a?a|a| + 
1207V|a?a|a 3 + 80iV 2 2 a?a| + 47V 2 2 a 4 a 2 a 2 + eo/Vlafalas + 60j /V|af + l27V|af a|a 3 + 247V 2 2 a 5 a 2 ! + 47V 2 2 af a| + 

87V 2 3 a|a 3 + 8iV 2 3 a| + 327V 2 3 aia 2 , a; 3 + 407V 3 aia 2 ; + 487V 2 3 a 2 a|a 3 + 80N$afa% + 327V 2 3 a? a|a 3 + 807V 2 3 a?c4 + 
87V 2 3 a 4 a|a 3 + 407V 2 3 a: 4 a 3 , + 8iV|af a| + 47V 2 4 a 2 1 + 16iV 2 4 aia| + 247V 2 4 a 2 a4 + 167V 2 4 a? a 3 , + 47V 2 4 a 4 a 2 ! + 12N ia 7 2 a 2 3 + 
647V 1 a 1 a 2 1 a 2 . + 1407Via 2 a^a| + 1607Vi afafa 2 . + lOOT^a 4 ^ 2 . + 327V L a 5 a 2 a 2 . + 47V 1 a 6 a 2 a 2 + 407V! TV^ a 2 + 
487V L 7V 2 a 2 'a 3 + 1767Vi N^a^a^ + 2567V L 7V 2 aia 2 1 a 3 + 3047V L 7V 2 a 2 a: i a 2 + 5607Vi7V 2 ai 2 a|a 3 + 2567Vi7V 2 a 3 a|a| + 
6407Vi7V 2 a 3 a|a 3 + 1047Vi7V 2 a 4 a|a§ + 4007Vi N 2 afa^a 3 + l§NiN 2 a\a 2 a\ + 1287Vi7V 2 af a\a 3 + lGN^afa^ + 

32iVi 7V 2 2 Q|a| + 1207ViiVf 0^0:3 + 487Vi7Vf 4 + 1127Vi7Vfai afa 2 + 5287Vi7V 2 2 aia 2 'a 3 + 2567Vi7V 2 2 + 
144JViJV|a?a|a§ + 9127Vi7V 2 2 a 2 a|a 3 + 5607Vi 7V|a?a| + 80iViiV|a?a|a§ + 7687Vi7V 2 2 a 3 a 3 ,a 3 + 6407Vi7Vf afaf + 
167ViAf 2 2 afa 2 a| + 3127ViiVf afa|a 3 + 4007V! TVf afa^ + 487V 1 7V 2 af a 2 a 3 + 128iViiV|afa| + 167^ N 2 a\a 2 + 
647Vi7V 3 a^a 3 + 807Vi7V 3 a 6 + 2247Vi7V 3 aia 4 a 3 + 3527Vi7V 2 3 aia 2 i + 2887Vi7V 3 a 2 a 3 a 3 + 608iVi iV|a 2 a| + 
160JViJV|a?ala 3 + 5127Vi7V 2 3 afa 3 , + 32^iV 2 3 af a 2 a 3 + 2087Vi7V 2 3 a 4 a| + 327Vi7V 2 3 af a 2 + 327Vi7V 2 4 a 2 ' + 
112iViiV 2 4 aia4 + 1447Vi iV|a 2 a| + SOTViTVlaf a\ + 167Vi7V 2 4 a 4 a 2 + 647V 1 2 a 2 ; a 2 + 300iVf aia|a§ + 5647V 1 2 a 2 a 2 i a 2 + 
536^ a? a|a§ + 2647^ a 4 a|a§ + 607V 2 af a 2 a 2 + 47V 2 a? a§ + 176A^ 2 A^ 2 a|a§ + 2567V 1 2 7V 2 a! 2 1 a! 3 + 672N?N 2ai ajal + 

12007V 2 TV^a^ + 9767V 2 7V 2 a 2 a 3 a 2 + 22567V 2 7V 2 a 2 a 4 a 3 + 6567V 2 N 2 afajal + 21447V 2 N 2 a\ala 3 + 
192N 2 N 2 aja 2 al + 1056N? N 2 aja%a 3 + 16iV 2 iV 2 afa| + 2407V 2 7V 2 a 5 a 2 a 3 + 16N?N 2 afa 3 + 11 27V 2 TV 2 c^a 2 + 
5287V 2 N%a\a 3 + 2567V 2 iV|a| + 336iV 2 iV 2 2 aiala| + 20167V 1 2 7Vf aia 4 a 3 + 1 200N?N$ a ia| + 3527V 1 2 7V 2 2 a 2 a;;a 2 + 
29287V 2 TVla^ag-^SeTVfTVfafal-K^ 

5767V 2 7V 2 2 a 4 a 2 a 3 + 10567^ TVfafct! 2 . + 487V 2 iVfaf a 3 + 2407V 2 7V 2 2 afa 2 + 167V 2 TVfaf + 2247V 2 iV|a|a 3 + 
3527V 2 N%<4 + 6727V 2 TVfaia 3 ,^ + 13447V 2 7V 2 3 aiaf + 7047V 2 TVfafa 2 .^ + 1952/V 2 iV 2 3 a 2 a^ + 288/V 2 N%a\a 2 a 3 + 
1312/V 2 7V 3 a?a| + 32iV 2 /V 3 a 4 a 3 +384iV 2 /V 2 3 a 4 a 2 +327V 2 A^ 3 af + 1127V 2 7V 4 a^ +336iV 2 /V 4 aiai +352iV 2 /V 4 a 2 al + 
1447V 2 7V 4 a 3 a 2 + 167V 2 7V 4 a 4 + 2007V 3 a\a\ + 8087V 3 aia^a 2 + 12647V 3 a 2 a 3 a 2 + 9447V 3 afa|a| + 3287V 3 o\a 2 a\ + 
407V 1 3 af a\ + 4487V 3 7V 2 afa| + 8007^ TV^a^ + U40N?N 2ai ala 2 3 + 32327V 3 7V 2 aia|a 3 + 16647V 1 3 7V 2 a 2 a|ai + 
50567V 3 7V 2 a 2 a|a 3 +8007Vf7V 2 a?a 2 al+37767Vf7V 2 a?aia 3 +1287Vf7V 2 afa§+13127V 3 7V 2 afa 2 
2247V 1 3 7V 2 2 a|a§ + 13447V 3 7V 2 2 a^a 3 + 8007V 3 N%a\ + 5447V 1 3 7V 2 2 aiaia| + 43207V 1 3 7V|aia|a 3 + 32327V! 3 7V 2 2 aia| + 
4167V 3 7V 2 a 2 a 2 a|+49927V 3 7V 2 a 2 a|a 3 + 50567V 3 7V 2 a 2 a^+967V 3 7V 2 a^ 

3847V 3 7V 2 a 4 a 3 + 13127V 3 7V 2 a 4 a 2 + 1607V 3 7V 2 af + 4487V 3 7V 3 a|a 3 + 8967V 3 TVfc^ + 10887V 3 7V 3 aia|a 3 + 
28807V! 3 TVfaiaf. + 8327V 1 3 7V 2 3 a 2 a 2 a 3 + 33287V! 3 7V|afa| + 1927V! 3 7V 2 3 a?a 3 + 16007^ TVfa? a 2 + 2567V! 3 7V|af + 
2247V! 3 7V 2 4 a| + 5447V 3 TV^a;; + 4167V! 3 N^a\a 2 + 967V! 3 7V 2 4 af + 4047V! 4 a|a 2 + 13607V! 4 aia|a 2 + 16727V 1 4 a 2 a 2 a 3 ! + 

8807V! 4 af a 2 a\ + 1647V! 4 a 4 a§ + 7207V! 4 7V 2 a^a§ + 16167V! 4 7V 2 a|a 3 + 18407V! 4 7V 2 aiaia§ + 54407V! 4 7V 2 a ia^a 3 + 
15207V! 4 7V 2 a 2 a 2 a\ + 66887V 4 N 2 u\a\a 3 + 4007V 4 7V 2 af + 35207V! 4 7V 2 a?a 2 a 3 + 6567V! 4 7V 2 a 4 a 3 + 2727V! 4 7V 2 2 aia 2 + 
21607V 4 N%ala 3 + 16167V 4 7V 2 a| + 4807V 4 7V 2 aia 2 a 2 + 55207V 4 7V 2 aia|a 3 + 54407V 4 TVfaia 3 + 2087V 4 7V 2 a 2 a^ + 
45607V! 4 7V 2 2 a 2 a 2 a 3 + 66887V! 4 7V|a 2 a^ + 12007V 4 TVfafaj, + 35207V! 4 7V 2 2 a?a 2 + 6567V! 4 7V 2 2 af + 5447V! 4 TVfc^ag + 

14407V! 4 TVfal + 9607V! 4 7V 2 3 aia 2 a 3 + 36807V! 4 TVfaiaf + 4167V! 4 7V 2 3 a 2 a 3 + 30407V! 4 7V 2 3 a 2 a 2 + 8007V! 4 TVfa? + 
2727Vi 4 7V 2 4 a^ + 4807V 4 7V 2 4 aia 2 + 2087Vi 4 7V 2 4 a 2 + 5447Vi 5 a|a| + 1440/Vi 5 aialal + 12487Vi 5 a 2 a 2 a| + 3527Vi 5 af a\ + 
7367Vi 5 7V 2 ala| + 21767Vi 5 7V 2 a|a 3 + 13447Vi 5 7V 2 aia 2 a§ + 57607Vi 5 7V 2 aiala 3 +6087Vi 5 7V 2 
14087V! 5 7V 2 a 3 a 3 + 1927V 5 7V 2 a 2 a 2 + 22087V 5 7V 2 a|a 3 + 2 1767V 5 TV 2 a\ + 1927V 5 TVfaiaf. + 40327V 5 7Vfaia 2 a 3 + 
57607Vi 5 7V 2 2 aia^ + 18247Vi 5 7V 2 2 a 2 a 3 + 49927Vi 5 7V 2 2 a 2 a 2 + 14087Vi 5 7V 2 2 a? + 3847Vi 5 7V 2 3 a 2 a 3 + 14727Vi 5 7V 2 3 a^ + 
3847Vi 5 7V 2 3 aia 3 + 26887Vi 5 7V 2 3 aia 2 + 12167Vi 5 7V 2 3 a 2 + 1927Vi 5 7V 2 4 a 2 + 1927Vi 5 7V 2 4 ai +4807Vi 6 alal + 8967Vi 6 aia 2 a§ + 

4167Vi 6 a 2 a| + 4487Vi 6 7V 2 a 2 a| + 19207Vi 6 7V 2 a|a 3 + 4487Vi 6 7V 2 aia| + 35847V 1 6 7V 2 aia 2 a 3 + 16647V 1 6 7V 2 a 2 a 3 + 
647V 1 6 7V 2 2 a§ + 13447V! 6 7V 2 2 a 2 a 3 + 19207Vf 7V|a^ + 13447Vf 7V 2 2 ai a 3 +35847V! 6 7V 2 2 aia 2 + 16647V 1 6 7V 2 2 a 2 + 1287V 1 6 7V 2 3 a 3 + 
8967V 6 7V 3 a 2 + 8967V 6 TVf + 647V 6 TV 4 + 2567V 1 7 a 2 a 2 + 2567V 1 7 aia 2 + ^STV^TVaa 2 + 10247V 1 7 7V 2 a 2 a 3 + 



10247V 1 7 7V 2 aia 3 + 3847V 7 7V|a 3 + 10247V 7 7V 2 2 a 2 + 10247V 7 7V|ai + 2567V 7 7V| + 647Vfa 2 + 2567V 1 8 7V 2 a 3 + 2567V! 8 7Vf 
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